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Abstract
In this article we report some of the recent results on generalized manifolds obtained by the
author and Washington Mio. These results are mainly centered around embedding and transversality
problems associated with nonlocally Euclidean generalized manifolds of dimension greater than 5.
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1. Introduction
In this paper we survey some recent results, obtained jointly by the author and Washing-
ton Mio, concerning the geometric topology of generalized manifolds. We are particularly
interested in the properties of exotic (i.e., nonlocally Euclidean) generalized manifolds
in dimensions  5, such as those discovered in [2]. In [22,23], Quinn associated to any
connected generalized n-manifold, n 4, a local index ı(X) ∈ 1+ 8Z, which, combined
with Edwards’ CE-approximation theorem [12], leads to the Edwards–Quinn characteri-
zation of topological manifolds: if n 5, a generalized n-manifold with the disjoint disks
property (DDP) is a topological manifold if and only if ı(X) = 1. In [2], generalized n-
manifolds having arbitrary local index were constructed in all dimensions > 5, and in [3]
it is shown that every generalized n-manifold, n > 5, is the image of a cell-like map from a
generalized n-manifold having the DDP. It remained, then, to discover the extent to which
exotic generalized manifolds (having the DDP) share properties with topological mani-
folds. The evidence so far seems to support the philosophy that in codimensions at least
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three we should see little difference between classical embedding and transversality theo-
rems for topological manifolds and those for generalized manifolds. In codimensions less
than three, however, we should expect a single obstruction—namely, Quinn’s index—to
recovering the classical results. A serious impediment to progress is the lack of an Ed-
wards CE-approximation theorem for generalized manifolds. When attempting to prove
such a theorem one is naturally led to conjecture a more far-reaching result, namely, a
Chapman–Ferry α-approximation theorem [10] for generalized manifolds.
Conjecture 1.1. Suppose that X is a generalized n-manifold, n  5, satisfying the DDP
and α is an open covering of X. Then there is an open covering β of X such that if Y is a
generalized n-manifold satisfying the DDP and if f :Y →X is a β-homotopy equivalence,
then f is α-homotopic to a homeomorphism.
Important consequences of this conjecture would include a CE-approximation theorem
and the following well-known conjecture.
Conjecture 1.2. If X is a generalized n-manifold, n  5, satisfying the DDP, then X is
topologically homogeneous.
The results reported here are often far from the optimal results that one would expect,
and we are recently working toward improvements that might be obtained through
elementary techniques, as well as, of course, a solution to Conjecture 1.1.
2. Definitions
A generalized n-manifold (n-gm) is a locally compact Euclidean neighborhood retract
(ENR) X such that for each x ∈X,
Hk
(
X,X− {x};Z)∼=
{
Z, if k = n,
0, otherwise.
An ENR X is an n-gm with boundary if the condition Hn(X,X \ {x};Z)∼= Z is replaced
by Hn(X,X \ {x};Z) ∼= Z or 0, and if bdX = {x ∈ X: Hn(X,X \ {x};Z) ∼= 0} is an
(n− 1)-gm embedded in X as a Z-set. (In [21] Mitchell shows that bdX is a homology
(n− 1)-manifold.) Recall that Y is a Z-set in X if, for each open set U in X, the inclusion
U \ Y → U is a homotopy equivalence.
An n-gm X, n  5, has the disjoint disks property (DDP) if every pair of maps of the
2-cellB2 into X can be approximated arbitrarily closely by maps that have disjoint images.
A subset A of a space X is 1-LCC in X if for each x ∈ A and neighborhood U of x
in X, there is a neighborhood V of x in X lying in U such that the inclusion induced
homomorphism π1(V \A)→ π1(U \A) is trivial. We will call a subset A of an n-gm X
satisfying dimX− dimA 3 tame if A is 1-LCC in X.
Given an n-gm X, a manifold approximate fibration (MAF) with fiber F over X is an
approximate fibration p :N → X, where N is a topological manifold and the homotopy
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fiber of p is homotopy equivalent to F . (Equivalently, each p−1(x) has the shape of the
space F .) If Q is a (topological or generalized) manifold in X and p :N →X is an MAF,
then p is said to be split over Q if p|p−1(Q) :p−1(Q)→Q is also a MAF with p−1(Q)
locally flat in N . (See [11,16]. In [16] X is also assumed to be a topological manifold.)
A group G is K-flat if Wh(G× Zk)= 0, for every k  0.
The following definitions are taken from [4]. Suppose that Z is a locally compact ANR,
A and B are separable metric spaces, and p :A→ Z and q :B→ Z are maps. Assume B
is embedded in Hilbert space, 2, and that q is extended to a neighborhood V0 of B in 2.
We generalize the notion of a controlled map described in [16] as follows. A controlled
shape map Fc from A p→ Z to B q→ Z (or simply Fc :A→B if the maps are understood)
is given by a map F :A× [0,1)→ V0 such that
(1) the map (q ◦ F)∪ (p× 1) :A× [0,1]→Z is continuous, and
(2) ⋂0t<1 C(F (A× [t,1)))⊆ B .
A second controlled shape map Gc is controlled shape homotopic to Fc, Gc  Fc ,
if there is a controlled shape map Hc from A × I p◦p1−→ Z to B q→ Z, where p1 is the
projection onto the first coordinate, such that Hc|A× 0 = Fc and Hc|A× 1 = Gc. For
example, given a controlled shape map Fc :A→B represented by F :A×[0,1)→ V0 and
a neighborhoodV ofB in 2, then a change of parameter (i.e., a homeomorphismA×[0,1)
into A×[0,1) that commutes with projection on A) gives a controlled homotopy of Fc to a
controlled shape map represented by a map F ′ :A×[0,1)→ V . Thus, we may assume that
a representative of Fc maps into any preassigned neighborhood of B . Since Z is an ANR,
given any two extensions q0 and q1 of q :B → Z to neighborhoods V0 and V1, there is a
neighborhood V2 of B such that q0|V2 and q1|V2 are homotopic rel q0|B (= q1|B). Thus,
any two controlled shape maps Fc andGc represented by the same map F :A×[0,1)→ 2
(but, perhaps different extensions to neighborhoods of B) are controlled shape homotopic.
Given p :A→ Z, q :B → Z, and r :C → Z, and controlled shape maps Fc :A→ B
and Gc :B → C, we can define the composition Gc ◦ Fc :A → C as follows. Choose
neighborhoods W of C and V of B in 2, and representatives F :A × [0,1) → V
and G :B × [0,1) → W , for which there are extensions q :V → Z, r :W → Z, and
G :V ×[0,1)→W . Let F :A×[0,1)→ V ×[0,1) be the map F(a, t)= (F (a), t). Then
Gc ◦ Fc is the controlled shape map represented by G ◦ F :A× [0,1)→W . It is a fairly
routine exercise to show that composition is well-defined and associative up to controlled
shape homotopy. Two maps p :A→ Z and q :B → Z are controlled shape equivalent if
there are shape maps Fc from p to q and Gc from q to p such that Gc ◦ Fc  1cA and
Fc ◦Gc  1cB , where, e.g., 1cA is represented by p1 :A× [0,1)→A.
If B is also an ANR, then a controlled shape map Fc from A p→ X to B q→ X is
controlled shape equivalent to a shape map that can be represented by a map F :A ×
[0,1)→ B . Thus, if both A and B are ANRs, then the notion of a controlled shape map
(homotopy, equivalence) is equivalent to that of a controlled map (homotopy, homotopy
automorphism) as defined in [16]. In particular, we define a controlled homeomorphism
Hc from A p→ X to B q→ X to be a controlled map that can be represented by a map
H :A × [0,1)→ B such that H |A× {t} is a homeomorphism for all t ∈ [0,1). On the
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other hand, if X is a point and A and B are arbitrary compact metric spaces, then the
definition of a controlled shape map from A p→X to B q→X is essentially the same as that
of a shape map from A to B as discussed in [20].
Finally, given a map f :A → B , realize the mapping cylinder Cf , as usual, as
the quotient Cf = A × B/∼, I = [0,1], where (x,1) ∼ f (x). The mapping cylinder
projection γ :Cf → B is defined by γ (x, t) = f (x) if x ∈ A and γ (y) = y if y ∈ B .
If S ⊆ A, then the reduced mapping cylinder Cf (mod S) is the quotient of Cf in which
(x, t)∼ f (x) for all t ∈ I when x ∈ S. The singular set of f , Sf = {x ∈A | f−1f (x) = x}.
3. Neighborhood classification
In [5] the authors extend Rourke and Sanderson’s [25] neighborhood classification
theorem for topological manifolds. Given a compact generalized n-manifold Z (with or
without the DDP), let Nq (Z) denote the collection of germs of codimension q manifold
neighborhoods V n+q of Z in which Z is tamely embedded. Two embeddings ιk :Z→ Vk ,
k = 1,2, represent the same element of Nq (Z) if there are neighborhoods Nk of Z in
Vk and a homeomorphism h :N1 → N2 such that h ◦ ι1 = ι2. Let BTopq+k,k be the
classification space for topological microbundle pairs εk ⊆ ζ k+q , where εk denotes the
trivial microbundle of rank k, and let BTopq = limk→∞ BTopq+k,k .
Theorem 3.1 [5]. Let Xn be a closed generalized manifold. The map γ :Nq(X) →
[X,BTopq ] is a bijection, provided that q  3 and n+ q  5.
The bijectionNq(X)→ BTopq (q =m−n) associates the neighborhoodW of X with a
microbundle pair εk ⊆ ζ k+q over X having the property that the (q−1)-spherical fibration
φ :E → X associated to the inclusion εk ⊆ ζ k+q restricted to X is controlled homotopy
equivalent to f : ∂W →X.
We should point out that in this result as well as those that follow in this section, the
generalized manifold X is not assumed to have the DDP.
Corollary 3.2. Let X be a closed n-gm. If q  3 and n + q  5, (q − 1)-spherical
manifold approximate fibrations over X are classified by BTopq , i.e., there is a one-to-one
correspondence between controlled homeomorphism classes of (q−1)-spherical manifold
approximate fibrations over X and [X,BTopq ].
Since BGq → BGq is a homotopy equivalence and Gq/Topq is stable when q  3, the
classification of spherical manifold approximate fibration structures can be rephrased in
terms of reductions of structural groups, as follows.
Corollary 3.3. Let X be a closed n-gm, and let ξ be a (q − 1)-spherical fibration over
X. If q  3 and n + q  5, then manifold approximate fibrations over X fiber homotopy
equivalent to ξ are in 1–1 correspondence with fiber homotopy classes of lifts to BTopq of
the map X→ BGq that classifies ξ .
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Here, one uses the corollary to the Edwards–Quinn characterization theorem that the
mapping cylinder of an MAF f :U → X with homotopy fiber Sq−1 is a topological
manifold, provided q  3 and n+ q  5. A proof may be found in [7].
These theorems, together with the appropriate analogue of Wall’s “Top Hat” Theo-
rem [27], yield the following generalization of the Casson–Haefliger–Sullivan–Wall em-
bedding theorem. This result has also been obtained by Johnston [18].
Theorem 3.4 [5]. Suppose Xn is a closed n-gm, V n+q is a compact topological (n+ q)-
manifold, (n + q)  5, q  3, and f :X → V is a homotopy equivalence. Then f is
homotopic to a tame embedding.
In [14] Ferry and Pedersen prove that the Spivak normal bundle of an n-gm admits
a topological reduction. This fact, together with Theorem 3.4 can be used to prove the
following existence theorem.
Theorem 3.5 [5]. Suppose that X is a closed generalized n-manifold, n 5. Then there
is a tame embedding of X into a compact topological manifold of dimension n + 3. In
particular, X embeds in a topological (n + 3)-manifold V with boundary such that the
pair (V , ∂V ) is controlled homotopy equivalent to (X×B3,X× S2) over X.
It is easy to see that it is not possible to have codimension one embeddings of one
generalized manifold in another if they have different Quinn indices. This is almost surely
true in codimension two as well, but we are unaware of a proof of a general result of this
nature. As indicated in [5], however, one can observe that, if X is an n-gm and ι(X) = 1,
then there is no topological (n+ 2)-manifold neighborhood V of X in which X is tamely
embedded. (That is, V −X is 1-ALG at points of X. In the case at hand, this means that
for each x ∈X and each neighborhood U of x , there is a neighborhood W of x in U such
that the image of π1(W \ x)→ π1(U \ x) is Z.)
Classifying generalized manifold neighborhoods of a generalized manifold will proba-
bly require Conjecture 1.1. In [5] it is conjectured that they are classified by BTopq × Z,
where the Z factor appears as the Quinn index.
4. Embeddings
Cannon observed early on that the disjoint disks property was sufficient to guarantee
that any map of a 2-complex into a generalized n-manifold with the DDP, n  5, could
be approximated by embeddings [9]. Bryant [1] and Walsh [28] established general
position theorems for maps of arbitrary polyhedra (or compacta) in the sense that maps
of any two such objects can be approximated by maps whose images intersect in the
dimension predicted by general position. In particular, one could approximate a map of a
k-dimensional polyhedron into a generalized n-manifold with the DDP by an embedding,
provided that 2k+ 1 n. Once this dimensional restriction is relaxed, however, the results
of [1] and [28] have an unfortunate shortcoming: although the singular set of a map of a
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k-dimensional polyhedron or compactum into a DDP generalized n-manifold can be made
to have dimension at most 2k − n, the singular set might be dense in the domain. In [6]
we show how to overcome this difficulty to obtain embedding and general position results
in the metastable range that mirror classical PL results. The first result is a version of
Hudson’s Embedding Theorem [15].
Theorem 4.1. Suppose that Xn, n  5, is a generalized n-manifold with the disjoint
disks property, Mm is a compact PL m-manifold, 3m  2n − 2, and f :M → X is a
(2m−n+2)-connected map, such that f |∂M is (2m−n)-connected. Then f is homotopic
to a 1-LCC embedding f ′ :M→X. Moreover, if f |∂M is an embedding, then we can get
f ′|∂M = f |∂M .
There is also a controlled version, which, in fact, plays an important role in the proof of
Theorem 4.1.
Theorem 4.2 [6]. Suppose that Xn, n  5, is a generalized n-manifold with the disjoint
disks property. For every ε > 0 there exist δ > 0 and η > 0 such that if Mm is a compact
PL m-manifold, 3m 2n− 2, and f :M → X is a map such that f is (δ,2m− n+ 2)-
connected over X and f |∂M is (η,2m− n)-connected over X, then f is ε-homotopic to a
1-LCC embedding. Moreover, if f |∂M is an embedding, then we can get f ′|∂M = f |∂M .
These theorems are true as well for closed mappings of noncompact manifolds, provided
proper connectivity assumptions are made. In the noncompact versions ε and δ are replaced
by positive functions on X.
As a corollary to Theorem 1.2 we get a version of Štan’ko’s 1-LCC approximation
theorem for embeddings in generalized manifolds [26].
Corollary 4.3. Suppose that f :M →X is a topological embedding of a PL m-manifold
M into a generalized n-manifold X, n 5, with the disjoint disks property, 3m 2n− 2.
Then f is approximable by 1-LCC embeddings. Moreover, if f |∂M is a 1-LCC embedding
then the approximations can be made to agree with f on ∂M .
Recall that a map f :Y →X is k-connected if πi(Cf ,Y )= 0 for 0 i  k. In particular,
this implies that if (Q,P ) is a relative k-complex (i.e., dim(Q \ P)  k), then any map
α : (Q,P )→ (Cf ,Y ) is homotopic, rel α|P to a mapping into Y . Given ε > 0, f is said
to be (ε, k)-connected if there exists δ > 0 such that for each relative k-complex (Q,P )
and map α : (Q,P )→ (Nδ,Y ), where Nδ is the δ-neighborhood of Y × I in Cf , α is
ε-homotopic over X, rel α|P , to a mapping into Y .
As a consequence of Theorem 4.2 we obtain a general position result in the metastable
range analogous what one would expect from PL theory.
J.L. Bryant / Topology and its Applications 113 (2001) 13–22 19
Theorem 4.4 [6]. Suppose that Xn, n  5, is an n-gm with the DDP, Mm is a compact
PL m-manifold, 3m 2n− 2, and f :M→X is a map. Then f can be approximated by
a map f ′ such that
(1) C(Sf ′) is a tame, compact polyhedron in M , of dimension  2m− n,
(2) f (M) is a 1-LCC subset of X,
(3) Sf ′ consists only of double points,
(4) Br = C(Sf ′) \ Sf ′ , the branched set of f ′, is a polyhedron of dimension  2m−
n− 1,
(5) f ′|M \ Br is a local homeomorphism, and
(6) f ′|Br is one-to-one.
If Conjecture 1.1 were true, then the proofs of these theorems would work if the ambient
manifolds were replaced by generalized manifolds with the DDP. Although we have made
some progress extending the techniques of [6] to establish the results above to codimension
 3, Conjecture 1.1 would probably prove useful in this regard as well.
We shall outline a proof of Theorems 4.1 and 4.2 for the special case n = 2m. The
proof in this case exposes most of the essential elements. In fact, after one step of the
construction, the proof of Theorem 4.1 reduces immediately to proving Theorem 4.2.
Outline of the proof of Theorems 4.1 and 4.2 (in the case n= 2m). Suppose f :M→X
satisfies the hypotheses of Theorem 4.1 and the additional assumption that n= 2m 6. We
shall only consider the case in whichM is compact. Apply the general position results of [1,
28] to assume that the singular set of f , Sf = {x ∈M | f−1f (x) = x}, is a 0-dimensional
(perhaps dense), 1-LCC subset of M consisting only of double points, and that f (M) is a
1-LCC subset ofX of dimensionm. For a given ε > 0, let Sf,ε = {x ∈ Sf | diamf−1f (x)
ε}. Sf,ε is a compact, 0-dimensional subset of M . The idea is to show that for any ε > 0
there is a nicely controlled homotopy of f to f ′ :M→X such that f ′ has the same general
position properties as f and Sf ′,ε = ∅. An embedding is then obtained as a limit of such
functions.
Given ε > 0 there exists δ > 0 such that any two points of M within δ of each other
can be connected by an arc in M of diameter < ε/2. Let A= Sf,δ . For the purposes of this
exposition let us make the further simplifying assumption that A consists of two points x−1
and x1 with f (x−1)= f (x1)= y and that, in fact, d(x−1, x1) > δ. Let C be a 1-LCC arc in
M joining x−1 and x1 such that C ∩ Sf = {x−1, x1}. The following is the key observation.
Assertion 4.5. For any µ > 0 there is a pseudoisotopy Ft :M → M , t ∈ I , shrinking
C to a point in intC supported on the µ-neighborhood of C such that F0 = id and
diam(F1(f−1(z))) < ε for all z ∈ f (M).
Proof. The argument is a variant of the well-known “Whitney trick”. With minimal
“epsilonics” it goes like this. Our assumptions Sf,δ = {x−1, x1}, and d(x−1, x1) > δ imply
that if z is sufficiently close to y in f (M), then f−1(z) either lies in a small neighborhood
of x−1 or in a small neighborhood of x1. Subdivide the arc C into small subarcs (diameter
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< ε/2). Shrink away from the endpoints x±1 of C along the subarcs containing x±1
by a isotopy that is supported in a small neighborhood of the subarcs and moves no
point of M more than ε/2. The end of this isotopy, h1, will stretch some of the point-
inverses of f , but not so as to increase their diameter to greater than ε. If we still have
d(h1(x−1), h1(x1)) > δ, then, as above, if z is close to y , then h1f−1(z) either lies entirely
is a small neighborhood of h1(x−1) or in a small neighborhood of h1(x1), and, hence will
have small diameter. Thus, we can shrink C further along the subarcs that contain h1(x±1)
by an isotopy that is supported in a small neighborhood of the subarcs and moves no point
of M more than ε/2. Then end h2 of this isotopy will stretch some of the point-inverses
of fh−11 , but not so as to increase their diameter to greater than ε, and will not move any
point of M , other than h1(x±1), that lies in a point-inverse of f h−11 of diameter > ε/2.
That is, the composite h2 ◦ h1, will not stretch point-inverses of f , other than, perhaps,
f−1(y), to diameter > ε. We continue this process until we have moved x±1 close enough
so that the last (pseudo)isotopy finally shrinks C and moves no point more than ε/2. Thus,
we construct a map h :M→M such that h shrinks C to an interior point (but is otherwise
one-to-one), h is supported on a small neighborhood of C, and diamh(f−1(z)) < ε for all
z ∈ f (M). ✷
This argument generalizes easily to the case in which A = Sf,δ is a compact 0-
dimensional set. The arc C is replaced by a homeomorphic image of the mapping cylinder
of f |A :A→ f (A). This homeomorphism can be chosen so that mapping cylinder fibers
over small point-inverse in A are also small. We shrink C towards its base (the image of
f (A) in M) little by little, as above. As long a point-inverse remains large, nearby point-
inverses not in A will be very small and other sizes will be controlled as above.
To complete the argument, we set D equal to the mapping cylinder of the map C →
f (A) rel A. If C consists of only a single arc, then f (C) is a simple closed curve and D is
homeomorphic to a 2-cell. Connectivity assumptions allow us to get a 1-LCC embedding
of D into X that meets f (M) in f (C). Since f (C) \ f (A) contains no singularities of
f , point-inverses of points near f (C) \ f (A) will have small diameter. Assuming D ⊆X,
the natural homotopy of D to f (A) extends to a homotopy from the identity on X to
a map g that collapses D to f (A) and is fixed outside a neighborhood of D rel f (A).
This homotopy can be constructed so that if a point of X is moved, it stays in a small
neighborhood of a mapping cylinder fiber of D. In particular, it can be chosen so that any
new point-inverses of g◦f have small diameter in M , hence, diameter< ε under the image
of h. Thus, f ′ = g ◦ f ◦ h−1 :M→X is a map with point-inverses of diameter < ε and is
controlled homotopic to f with respect to h :M→M .
After this first stage we begin to satisfy the hypotheses of Theorem 4.2. We perform a
sequences of constructions as above with the extra feature that the homotopies have finer
and finer control over M . The control is sufficient to guarantee that the maps fi :M →X
constructed converge to a map f ′ :M →X whose point-inverses have diameter 0; i.e., an
embedding. The 1-LCC condition is satisfied by the usual trick of avoiding a dense set of
1-LCC 2-cells in X.
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5. Transversality
In [7] we introduced the following notion of transversality for submanifolds of a
generalized n-manifold (with the DDP), based on the notion of stable microbundle
transversality defined in [19]. Suppose that Cp is the mapping cylinder of an MAF
p :N → X with fiber a sphere and mapping cylinder projection γ :Cp → X. If Cp is a
topological manifold, then we will call γ :Cp → X a manifold stabilization of X. Given
a topological manifold M and generalized manifold Q in a generalized manifold X, Q
is stably locally transverse to M if there is a manifold stabilization γ :Cp → X of X,
split over Q, such that γ−1(Q) and M are locally transverse in Cp . (See [19].) As an
application of Theorem 4.2, we are able to obtain the following transversality theorem for
submanifolds in the metastable range. These ideas have also been studied by Johnston [18]
in the case in which the generalized submanifold has a bundle neighborhood.
Theorem 5.1 [7]. Suppose that X is an n-gm with the DDP, n  5, M is a topological
m-manifold embedded in X (with or without boundary), and Q is either a topological q-
manifold or a q-gm with the DDP if q  5, 1-LCC embedded in X, such that n− q  3,
3m 2(n− 1), and 3(m+ q) < 4(n− 1). Then for every ε > 0 there is an ε-homotopy of
the inclusion of M in X to a 1-LCC embedding f :M → X such that Q is stably locally
transverse to f (M) in X.
The proof of Theorem 5.1 uses the following existence theorem for manifold stabiliza-
tions proved in [4].
Theorem 5.2 [4]. Suppose that X is an n-gm without boundary, n  5, and Q ⊆ X is
an q-gm (with or without boundary), n− q  3, 1-LCC in X. Assume Q is a topological
manifold if q  4. Then there is a manifold stabilization γ :Cp → X of X of dimension
 n+ 3 that is split over Q.
Theorem 5.2 is, in turn, a consequence of Ferry and Pedersen’s Topological Reduction
Theorem [14] and the following special case of a transversality theorem for MAFs from [4].
Theorem 5.3 [4]. Suppose that M is a topological m-manifold, m  6, and f :M → X
is an MAF with fiber homotopy equivalent to a closed topological manifold F such
that F is K-flat. Suppose Y is generalized manifold stratified space, with filtration
Y0 ⊆ · · · ⊆ Yk , embedded as a tame, closed subset of X, dimX − dimY  3, such that
f |f−1(Y ) :f−1(Y )→ Y is controlled shape equivalent to a stratified MAF p :E → Y .
If the strata (Ei \ Ei−1), for i > 1, of E are collared at infinity (over Ei−1), then f is
controlled homeomorphic to an MAF g :M →X such that g−1(Y )∼= E, E is locally flat
in M , and g|g−1(Y )= p.
A (generalized) manifold stratified space is a locally compact, finite-dimensional
separable metric space Y having a filtration Y0 ⊆ · · · ⊆ Yk = Y such that Yi \ Yi−1 is
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a (generalized) manifold (Y−1 = ∅). Given a generalized manifold stratified space Y , a
stratified MAF is a map p :E → Y such that, for some filtration Y0 ⊆ · · · ⊆ Yk of Y ,
p|Ei :Ei → Yi (Ei = p−1Yi) is a MAF.
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